MTMG (GEN)-02 184

West Bengal State University
B.A./B.Sc./B.Com ( Honours, Major, General ) Examinations, 2014

PART - 11

MATHEMATICS — GENERAL
Paper - II

Duration : 3 Hours | [ Full Marks : 100

Candidates are required to give their answers in their own words as far as practicable.

The figures in the margin indicate full marks.

GROUP - A
fae - =
( Full Marks : 25)
( o ¢ 2¢ )

Answer Question No. 1 and any two from the rest.

S 7R o 8 I (F (I Ko AT Ted fue |

If A, B, C be three non-empty sets such that A (1 B= A (1 C and
A U B= A U C, then prove that B= C.

I A, B C fAT S GH W, ICANB=ANC “RAUB=AUCH%,

ORE AN ¥4 (A B= C.

OR / SI¢dl
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b)

b)

Let f: IR - IR and g: IR —» IR be two functions such that fog= gof
Does it necessarily imply that f= g ? Justify your answer, where R is the set

of real numbers. 2

f:R >R 8g:IR—> IR b WS fog= g o f7F I | @3 (@ &z

T f= g ? WHIE TSEA FACH & U | @A R 271 I IR 1 |

Let f: IR > R and g: IR —» IR be two functions given by f(x)=| x| + x,
xelRandg(x)=| x| -—x, xeIR. Find fog and go f where R is the set
of real numbers. 4

NIFT f:R—> R € g: R — R IETFS K0 INEN A Sg@wifye s
flx)=|lx|+x,x€eR8g(x)=|x|-x, xelR.
G fog 8 go f WY 3FT @A IR T 37NF IBI AN 6 |

Prove that the set of all solutions of the equation x" = 1, where n is a

positive integer, form an Abelian group under usual multiplication. 5

N I (X FOIRE STIF AETF x" = 1, TR Joehr o6 aa Ar@eE=
7o 5107 I, (R n G GATGE 227 |

Justify whether the following statements are True or False :

frsferiie fRgfosfer o 1 get 612 w5 ¢

i) (IR, e ) is an abelian group, where IRis the:set of all real numbers.
(R, o ) Q6 N@FBTIA e, E IR, 3F ABI A 16 |

i) Union of two subgroups of group ( G, *) is a subgroup of ( G, *).

%l (G, *)-99 K6 SoMETd 38T, ( G, *)-93 G Towe |
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i) If ( H, *) and ( K, *) are two subgroups of ( G, *), then H (] K # ¢.

M (G, *) W1 Wb B9ue ( H, *) 8 ( K, *)

v
AN

q, ORET H() K# ¢.

2w

finaring (B, +,e), a“=a ¥ a € B, show that 2a=a+a=0 V¥ a € B and

also B 1s a commutative ring. Give an example to show that the converse is

not true. D #.D #0

g : R e 2 o7 S pear
I (B, +, o), ASEEF (A (FE W] - Q9 G9] a“ = a TF, OK@ A9 Fk~ F

2a=a+a=0,@ @ N g € B-a4 G | QG AW FF4 (T B AP0 [[NTII9N
e | G0 SUIRAE TR MU 2a=a+a=0, a € B T uz =a, a € B8 IO

Show that ( S, +, ¢ ) is a subring of ( My (IR), +, o),

S : (\, (’)
where S = : x€ IR

o M» (IR) is the set of all real 2 x 2 matrices
O | =2

and IR is the set of all real numbers. 4
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1ii) If ( H, %X) and ( K, *) are two subgroups of ( G, *), then H (| K # ¢.

*x) 8 (K, )2, O3ET H() K#¢d.

2ok e

finaring (B, +, ), a“=a Y a € B, show that 2a=a+a=0 V a € B and
o

also B is a commutative ring. Give an example to show that the converse is

not true. P2 ) 2, B
qfi (B, + o), ISEHE (A (FH MW g-@9 G] a“ = a Y, 9 A9 4 (X

) 7 + g (9 HYo q INA R A6 T (3 2 a5 =Ffase oY
2a=a+a=0,d (FF 3] a € B-99 GJ A8 2A¥Y ¥4 (A B Q<P [[IEIE14N
IRE QFIL BHRACEE AR M 2a=a+a=0,ac BRE1 a“=a, ae€ B8 3O
a|[&s

Show that ( S, +, ¢ ) is a subring of ( My (IR), +, e ),

where S = : ' xe IR t, Mo (IR) is the set of all real 2 x 2 matrices

and IR is the set of all real numbers.

(A (S, +, 0 ) T ( My (R), +, o ) NIETH Q5 TS |




MTMG (GEN)-02 188

9, a)

b)

c)

Reduce the real quadratic form 5x2 + y2 + 10225 4yz — 10zx = O to

the normal form and show that it is positive definite. S

5x2 + y2 43022 - 4yz — 10zx = 0 IBI fREre F@E 4FY  (normal)

I AP I 998 ¥ (T @it @l e Ao =@ |

Find the dimension of the subspace S of R* defined by

S=1{(xyz) eR3:2x+y-z=0} 3
A (034 (™1 R399 S = {(xy,2z) e R>;: 2x+y-z=0) Tome ¥l Refw
PLEA |
1w 4 ¢t
Find eigenvalues of the matrix A = |-1 -1 -1|. 2
0=
B

A=|-1 -1 -1| % (matrix) IREA-TFSfFT Ry T
g -0}
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GROUP - B

fastet - <
( Full Marks : 20 )
( ‘T-‘ffﬂ"? g %0 )
Answer Question No. 6 and any two from the rest.

© AR AN 8 T (F (I KB e Ted firey |

Answer any two questions : 2x2=4

@ @ Rb a7 Ted e

a)

b)

c)

Find the equation of the straight line passing through the point ( 1, 2, 3 )

and parallel to the line Eendo g :
e AW
O @I AITEA [ T W (1, 2, 3 ) EE @ae Y @R
‘ 4

AT |

Find the direction cosines of the line that makes equal angles with the
Cartesian axes.
J G FLAE PICSANT ACHA AT AW (Pl Teofm I, O @ (@ (PR

el = Ry s |
Find the equation of the sphere which has ( 3, 4, l)and (-4, 2, 3) as
the end points of a diameter. Find also the co-ordinate of its centre.

@ TR QT VO ARRMEEa ZA% (3, 4, - 1) 9 (-4, 2, 3)

iETaBa e @a3 Giod (rud BHE ey 3 |
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(& a)
b)
8. a)

R3] ‘Z:AG HALE@AE @3S fwomgefd 20+ 2m - n =09 mn+ nl + Im = 0

Show that the straight lines whose direction cosines are given by the

equations 21+ 2m — n= 0 and mn + nl + Im = 0 are at right angle. 4

~
aq

SAPAeTATE Jfo 2 O@ M (T 6 27N #Y |

Perpendiculars PL, PM, PN are drawn from the point P ( a, b, ¢ ) to the

co-ordinate planes. Show that the equation of the plane LMN is
X it 2

fo Gl 4
g hine

~

P(a bc)RM @@ x=0, y=0, z=0 3o foa T2z PL, PM, PN oAb =79

~ S X ¥4
5f%e T | (UM ¥, LMN e wliesd =+ 4 Z - g
b

x+ 1 y+3 Z+9S x=—2 =
Prove that the lines 3 SR T s y3» =

intersect. Find their point of intersection and the equation of the plane in

which they lie.

Yo lS P E o Mo R e A

i 3
3 8 7 1 3 5

AYT P @

AT (M PR | OI0A (A FAIE ey 3 @32 (7 7NOE ST 46 AP

o1 ARFAe AT e |




10.

a)

b)

a)

191 MTMG (GEN)-02

Find the magnitude of the shortest distance between the lines

: 1 iy
: : y:; X —Z»-;» and 5x- 2y—3z+6=0=x-3y+2z- 3. 4

, €% =
= =¥ - 272 g3t 5x-2y-32+6=0=x-3y+ 2z 3 TETRIAEA

4 3 2.

T YAew gy el w6 |

Find the equation of the sphere of which the circle

x2+y2+zz+ 2x-4y+2z+5=0, x-2y+3z+ 1=0 isa great circle. 4

@ corerefba owea x%+ y2+ 22+ 2x -4y +22+5=0, x-2y+3z+1=0

geft aofb ewge o7 ANwae Fefy v |

X —
Find the distance of the point ( 3, 2, 1) from the line = =

x -1 _2
Lé_, 4 :414 - 3}% TR (ACE (3, 2, 1) Regfow e ey e

Show that the plane 2x + y - z = 12 touches the sphere x2 4 y2 +2z2 =24

and find the co-ordinates of the point of contact. 4

GAM @, 2x + y - z = 12 W0 x2 4 y2 + 22 = 24 CIPRITBE 0 @1 @

~opffava ZAE Fow s |
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11.

b)

Find the equation of the right circular cone whose vertex is the origin and

Y

e : X zZ S : :
axis is the line — = = = — and semi-vertical angle is 45°. 4

1 2

(X oT% JERIIA *5q A AR, o el 32(« = % = g @38 AN 45°,

TR %9 ST Nefy e |

GROUP - C
feetat - o
( Full Marks : 25 )
( At 2 2¢ )
Answer Question No. 11 and any two from the rest.
55 TR o Q@ T (W (I KB AT & v |

Answer any one question : 1x2=2

@A @ 926 oeag Teg i

1) Check whether Rolle’s theorem is applicable to the function
f(X):]XI,XG["l,IJ
flx)=1] x| WrFsHa &G [ - 1, 1 | WSAE Rolle-99 S IaeT

3@ 1 AB18 T+ |

- B ; 4n +5)| ‘
1) Examine whether the sequence < — ———f is bounded.
n+2 =
4n + 5 ‘
{ = } @G < e AR ,
n+2 ‘
1
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2
i) If f(h) =f(O)*hf/(O)+f‘l—-f//(()h), 0 < 0 < 1, find 6 when

h=Yan Plx) = (1-2)°20%

2
W& f(h) = f(0)+hf'(0)+%'—f”(0h), M e

S Frefa S R4 h= 1@ f(x) = (1-%)°/2.

Answer any one question : 1x3=3

@ @ @ 2rd Ted e ¢

i) Show that et e log(1+x)<x if x>0.
1+x

@ (3, 7 <log(1l+x)<x R x> 0.
+ X

i) Find the domain of definition of f(x) where

2
flx) = 4! X = X" ot f( x) -4 FeE@E (wa e F

odg

; Lt . tan x
iiijj Evaluate: , /9 (sinx) A

Lt (sinx)" % a9 AW R
x —» nj/2
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12:28) By Raabe’s Test prove that the series
el e oty 1.3.5: 7w 2nasd e
I+ —+ —+ —— + ... b — (S L S is divergent. 4
2 24 246 2.:4:6.8 . wdn
A AAH A I 2N FF
e T 1:3.5 1.3.5. 7 af2n =1
1+ —+ i . Sl e +o—_— Lo =N TR iferf SrorsTdt |
@ 24 2436 2:4.6,87:. . 52n
) n
b) f xpn =1+ Aj ,neN, where N stands for the set of natural numbers,
n
prove that the sequence {x n } is bounded. 3
g \ 1
- ;M x, = Ll 5 J ,neN, QUE N a3 FellkF 3 o6 e @, o@
n
A A A {x ,, } @A’ AT |
c) Prove that the sequence {x - } where x , =(-1) " is not convergent. 3
AN I @A x ,, = (—1)" SqeEft wfendr a3
13. a) The function f(x) is defined by

Flx). =53+.2x for —g<x50

3
= 3 - 2x for 0<xs~2-

Show that f( x) is continuous but not differentiable at x = 0.




14,

b)

c)

a)
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a3l e f(x) fREfetreme ERCAIRIC

Il

Jix) 3+2x?124'?{:;—<x50

Il

3 -2x T4 O<xsg

oI T (T x = 0 LS Aol IS fpg SrEgPeTICaIen 3 |

: [ tan x ) x
Evaluate : " —_ 3
x—0 X
N

1

( B

( tan x | = =

-5 XX qg W e 3
X ¥ . X /

State and prove Lagrange’s Mean Value theorem. 1.+#3
Lagrange-&3 S ool fAgo T @R T FEA |

Find the asymptotes of A 2y3 +xy(2x-y)+ylx-y)+ 1=0. 4
x3 —2yd rxy(2x-y)+ylx-y)+1= 0-@a @R N ERGICRII TR E
< |

Find the envelopes of the family of straight lines of

v“k ¢ 2 .
Yy = mx + azm‘2 + b“° , m being parameter. 3

y = mx +y a’m? + b? @ oo S-S sifareerfe ey P, IET m

a3fh b |




MTMG (GEN)-02 196

15.

c)

b)

Find the position and nature of the double point ( if any ) of the curve

Yy~ = xix a0 <

y? - x (x - a)? = 0wl @9 fafay aeE @ f Rafba seg @ ogfe

e % |

Show that the function f ( x, Yy ) = 113 ¢ 3x2y + 5x% has a minimum
-at(0,0). 3

@R @, f(xy)=y>+3x%y + 5x* a3 (0, 0 ) Rgee @ 519 Wy )

If a function f ( x) is differentiable at the point x = ¢, show that it is
continuous at that point. Is the converse true ? Justify your answer by
giving an example.
MW f( x) TEFFH x = ¢ TS IFITQN 27, O@ A FFEA (@A, @ RS

erFSh HPe 7@ | ferdie Rgfelb f ey 2 Trizariz SewEd Il (@RI |

Show that the rectangle inscribed in a circle has maximum area when it is a

square.

I (4, 08 Ifefle gzew craweiAfe SHerwat b 5wa
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GROUP - D

faete - 1

( Full Marks : 20 )

( A ¢ 20)
Answer Question No. 16 and any two from the rest.

SY A AN G T (T (FH WY 20T e |

16. Answer any two questions : j 2x2=4

(T (I 7Y AE Teq ey ¢

(e 0]
a) Examine the convergence of J‘ e * dx, if so, find the value.
0

jex dx T ST S I | i SO 29, o Gia S R
0

T |

5
b) Find, if possible, the value of B ( 2 5 6).

WW@%Q?IB(—

N

: 6)—&?13117[%‘1‘?1 5 |

\V]

c) From the relation I'(n+1) = nI'(n), calculate I' ( 6).

F(n+1) = nl(n),F Q@ (6) 93 I 7 FF |
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198
2 2 2 2 2
d) Prove that the area of the circle x? , Y =a° is na
o ¥ %2 +y? - a? qre7 Cwawr na?.
n/2
17. Lo Evaluate, if possible f log sin x dx. S
0]

/2
A ST 37, wraE J. log sin x dx -9 57 el gy |
0

X
2

b) Find the value of J‘e X dx.
0

o3 :
je‘* dx -99 Y9 ey gy |
0

18. a) State the relation between Beta function and Gamma function and use it to
1
’ D) 3n
show that f x3/2 (1-x) 3/2 dx..s - : 4
128
0

<61 weorwas @ oy HTHPT T 35799y ferg=

| Q9 RIS 19 6 (x




b)
19. a)
b)
20. a)
b)
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: =D > : : : ’
Determine J.j ( Xk ) dx dy, where R is the region bounded by y = xz,
R

5]

x =2, y= 1. 4
II ‘, X" y~ ) dx dy-93 I [y T4, @FAE R Haid 25

R

y=x“,x = 2, y= 129 x|

T
a(l+cos9) =
Evaluate : J J. r sin 0 cos 0 dr dO. 4
0
0

T
: a(l+cos0) 3
T [l T ¢ J. J. r* sin 0 cos 0 dr dO
0
0

‘ - A |
Find the perimeter of the curve \ e 1 %
. a) b)
23 a3
X Yy | oS bR
: Z | 1 aeea <A ey % |
\ a \b)

Find the volume of the solid produced by the revolution of the upper half of
)

L

the loop of the curve y:2 = x° (2-x). 4
y? = x2 (2 - x) CFq @ T (loop) (S T O TAAILE (TRAIET TeoH solid-HF
I A7 T4 |

Find the surface area of the solid generated by revolving the cycloid
x=a(0+sin®), y = a (1 + cos 6 )about its base. 4

x =g (0+sin @) Syg-= a -1+ cosl) c_\'cl(;zdﬁié SR (base) ATCATF (IECIET @

AT (solid) (oA 2W O AFSET (Fawa] ey % |
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2

GROUP - E
fTeie -
( Full Marks : 10 )
( A= ¢ v0 )
Answer any one question : 1x2=2
@ (@ @V A7 Ted v ¢
3
d
a) Solve: —Z _y-o0
dx
3
SR I & 9—%~y:0
dx
d’y 5
b) Find the particular integral of 5t 4y'= x .
; dx
de 5
T + 4y~ x° -q3 R e [efy % |
dx
d
c) Reduce the equation 3x? ﬁg + Sxd—y + 8y = x? from variable coefficient
dx X

to constant coefficient.
2 de dy 4
3IxXT —— +5Bx—+ 8y =x ANFIIDE 5o (variable) R° (A &P
dx?2 dx
(constant) FRER ANPAE TS TG |

Answer any two questions : 2x4=8

T @ %6 2raa Ted e
g

d r
a) Solve : ——‘12!—29g+y: x2e3x.
dx dx
2
e v s Y oY, 2, 3x

dx2 dx




b)

c)

d)
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2

Solve : +a2y = sec ax, ( ais a real number ).
dx
d’y . o
T FFN 2 — +a‘y - sec ax, ( a 93 I 7N ) |
dx -
2
d d
Solve : x2 wih o x—g +y =logx
dx? dx .
2 d%y  _dy
AAYH FFN ¢ x° —= - x— + y = logx
dx? dx :
Find the orthogonal trajectories of the family of curves Y09 y2/3 % ats ¥

where a is a variable parameter.
x2/3 4 4213 _ g2/3  ( @A q @3 1 (variable) TRIRGE ), IFCIBE 77

ATH Y AT FF |




